This paper deals with a new formulation for the diffraction of a plane wave by a periodic grating. As a simple example, the diffraction of a transverse magnetic wave by a perfectly conductive periodic array of rectangular grooves is discussed. On the basis of a shadow hypothesis such that no diffraction takes place and only the reflection occurs with the reflection coefficient −1 at a low grazing limit of incident angle, this paper proposes the scattering factor as a new concept. In terms of the scattering factor, several new formulas on the diffraction amplitude, the diffraction efficiency and the optical theorem are obtained. It is newly found that the scattering factor is an even function due to the reciprocity. The diffraction efficiency is defined for a propagating incident wave as well as an evanescent incident wave. Then, it is theoretically found that the 0th order diffraction efficiency becomes unity and any other order diffraction efficiencies vanish when a real angle of incidence becomes low grazing. Numerical examples of the scattering factor and diffraction efficiency are illustrated in figures.
Introduction
When an electromagnetic plane wave is incident on a flat interface between air and a dielectric medium from the air side, the Fresnel reflection takes place. As is well known, the (complex) Fresnel reflection coefficient becomes −1 at a low grazing limit of incident angle (LGLIA), regardless of the incident polarization, permeability and permittivity of the dielectric medium * . This means that the incident plane wave is completely canceled by the reflected wave at LGLIA [1] , at which the transmitted wave into the dielectric medium vanishes. Thus, the total wave field vanishes and becomes a dark shadow at LGLIA.
Such a shadow also appears in the diffraction of a plane wave by a periodic grating. It was found theoretically that no diffraction takes place and only the reflection occurs with the reflection coefficient −1 at LGLIA. Such behavior of diffraction was demonstrated for a perfectly conductive periodic surface with small roughness and gentle slope [2] , [3] , and for a perfectly conductive periodic array of grooves [4] , [5] . By the differential method, however, it was shown that such a shadow also takes place in the case of a dielectric grating for both TE and TM wave incidence [6] . From these facts, we newly propose a shadow hypothesis such that the total field vanishes and becomes a shadow, when an electro- magnetic plane wave is incident on a periodic structure with infinite extent and when the angle of incidence becomes a low grazing limit. Therefore, we expect that the total wave field becomes a shadow at LGLIA for any periodic grating. However, we call such an expectation the shadow hypothesis, because it holds for many cases but proving it in general case is still an open question. Using the shadow hypothesis, however, we propose a new formulation for the diffraction of a plane wave by a periodic grating. However, this paper deals with the wave diffraction by a periodic array of grooves in Fig. 1 as a simple example. As an elemental concept, we introduce the scattering factor, in terms of which new formulas on the diffraction amplitude, the diffraction efficiency, the energy balance relation and the optical theorem are obtained. We define the diffraction efficiency for a propagating wave incidence as well as an evanescent wave incidence. Then, we find theoretically that the 0th order diffraction efficiency becomes unity and any other order diffraction efficiencies vanish when a real angle of incidence becomes low grazing.
In this paper, the time dependence e −iωt is assumed and suppressed.
Diffraction by a Perfectly Conductive Periodic Array of Rectangular Grooves
Let us consider the diffraction of a TM plane wave by a periodic array of rectangular grooves (See Fig. 1 ). We denote the y component of the magnetic field by Ψ(x, z), which sat- Fig. 1 Diffraction of a TM plane wave by a periodic array of rectangular grooves. L is the period. w and d are the width and the depth of a groove, respectively. D 0 (p) is the reflection coefficient (the 0th order diffraction amplitude) and θ i is the angle of incidence, measured from the x axis. * In this paper, we define the reflection coefficient as the ratio of the reflected and incident magnetic (electric) fields in the TM (TE) case. Here, by TM (TE), we mean transverse magnetic (transverse electric).
isfies the Helmholtz equation
in free space and the Neumann condition
on the perfectly conductive surface. Here, k = 2π/λ is wave number, λ is wavelength and n is the normal to the surface † . We write the incident plane wave Ψ i (x, z) as
where θ i is the angle of incidence, measured from the x axis (See Fig. 1 ) and β(p) is a complex function of p,
Here, Re and Im represent the real and imaginary part, respectively. Note that
where L is the period and w is the groove width. We denote the magnetic field in the region z ≥ 0 by Ψ 1 (x, z). Due to the periodicity of the surface, Ψ 1 (x, z) has the Floquet form, which is well approximated as,
Here, N D is a truncation number of Floquet modes and D l (p) is the lth order diffraction amplitude. Note that D 0 (p) is the reflection coefficient. Next, we denote the magnetic field inside the grooves by Ψ 2 (x, z), which is represented by the modal expansion method [7] as (9) where d is the groove depth, A l is the amplitude of the lth guided mode, and N A is a truncation number of guided modes. γ l is the propagation constant of the lth guided mode and u(x) is a rectangular pulse,
Scattering Factor
Let us determine D l (p) and A l using the boundary conditions at z = 0. We write the boundary conditions over one period as
Manipulating (8), (9), (12) and (13), we obtain a set of equations for D l (p) and A n as
Here, δ l,0 stands for Kronecker's delta. If the shadow hypothesis is true, the 0th order diffraction amplitude D 0 (p) approaches to −1 and any other order diffraction amplitude D l (p) (l 0) vanishes at LGLIA. Taking this in mind, we introduce the modified diffraction amplitude M l (p) by [4] , [5] 
where M l (p) is expected to vanish at LGLIA. Substituting (17) into (14) and (15), we obtain
which are essentially same as equations (14) and (15) 
If p ±k, its two independent solutions are v(z) = e ±iβ(p)z , which degenerate when β(p) → 0. If p = k and β(p) = 0, two independent solutions are given by v(z) = 1, z and hence we have
excited only by 2iLβ(p)δ l,0 on the right hand side of (18). Therefore, M l (p) and A n are proportional to β(p). Thus, we put
We call S l (p) the lth order scattering factor and G l the lth order mode factor. Here, G l depends on p but p is omitted. Note that D l (p) with l 0 and A l for any l are proportional to β(p) and vanish at LGLIA, at which D 0 (p) becomes −1 however. From (18), (19), (21) and (22), we obtain a new set of equations for these factors,
The conventional modal expansion method [7] solves (14) and (15) to obtain D l (p) and A l , whereas we solved (18) and (19) in a previous paper [4] . However, this paper proposes a new method, which determines S l (p) and G n by (23) and (24), from which D l (p) and A l are calculated by use of (20) and (22) † .
Representations by Scattering Factor

Modified Floquet Form
From (8) and (20), we obtain the modified Floquet form
where the first term on the right hand side is the incident plane wave, and the third a sum of modified diffracted waves. The second term is a reflected wave with the reflection coefficient −1, which we call the shadow forming reflected wave. At LGLIA with β(p) = k sin θ i → 0, the third term vanishes. This means that no diffraction takes place and only the reflection with the reflection coefficient −1 occurs. At LGLIA, however, the incident plane wave is completely canceled by the shadow forming reflected wave. Also, the field Ψ 2 (x, z) inside the grooves vanishes at LGLIA, because the amplitude A l vanishes for any l by (22). As a result, the total field above the surface vanishes and hence becomes a dark shadow at LGLIA. Thus, we may conclude that the shadow hypothesis holds in the TM wave diffraction by a periodic array of grooves. However, the shadow hypothesis is true for an analytical periodic surface with small roughness and for a dielectric grating. Thus, we expect that the modified Floquet form (25) holds generally for any periodic surface.
Physical Significance of Scattering Factor
Let us consider the physical significance of the scattering factor. In (25) and (9), we have considered the wave field for the incident wave with unit amplitude. However, we divide (25) and (9) by 2β(p)/k to obtain
Here, the first term on the right hand side of (26) is an incident plane wave and the second a reflected wave, of which amplitudes are k/2β(p). Therefore, such an incident and reflected waves diverge when β(p) = 0. As is easily seen, however, the sum of the first and second terms is equal to −ik sin[β(p)z]e −ipx /β(p). When p → k, the sum becomes −ikze −ikx , which is proportional to a solution in (3). If we substitute (26) and (27) into the boundary conditions (12) and (13), we directly obtain (23) and (24). This means that S l (p) and G l are the diffraction amplitude and the mode amplitude for the incident plane wave with the amplitude k/2β (p) .
In what follows, we will consider an optical theorem for (26). Also, we formally obtain a representation of Green's function by use of (26), where an evanescent wave incidence becomes important, in addition to a propagating wave incidence.
Reciprocity
The reciprocity is often discussed in the scattering theory [7] , [8] . In terms of the diffraction amplitude, it may be written as
Substituting (20) into this, we obtain
Replacing p by p − lk L /2, we obtain the reciprocity of the scattering factor as
This means that S l (p) is a symmetric function of p with respect to the symmetrical axis p = −lk L /2, which will be illustrated below. On the other hand, we find from (20) that D 0 (p) is an even function of p but D l (p) (l 0) does not have such symmetry. This is because β(p) is an even function of p.
Diffraction Efficiency
Many theoretical and numerical works have been carried out to calculate the diffraction efficiency [7] - [12] . However, there is no mathematical formula to define the diffraction efficiency at LGLIA. By use of the scattering factor, however, we present a new formula, which enables us to define the diffraction efficiency even at LGLIA.
Manipulating the identity Im[div(Ψ * gradΨ)] = 0 and (8), we obtain an energy balance formula
where p is any real number, P I (p) is the incident energy and P D (p) is the sum of diffracted energies,
If
, which is the energy carried by an evanescent incident wave. From (32) and (33), we obtain the normalized energy balance formula as
Here, η l (p) is the lth order diffraction efficiency, which is reduced to
when |p| < k. Notice that β(p) appears in the denominators in (35) and (36). Therefore, at LGLI with β(p) → 0, the diffraction efficiency and the energy error can not be defined by (35) and (36). However, such a drawback can be eliminated by use of the scattering factor. Substituting (20) into (35), we obtain a new formula for the diffraction efficiency.
(when l 0)
This implies that the 0th order diffraction efficiency η 0 (p) becomes discontinuous at |p| = k. In fact, one easily finds from (38),
where k − (k + ) indicates that |p| approaches to k from the left (right). We note that η 0 (p) becomes discontinuous because
Re[β(p)]/β(p) is a discontinuous function of p, even though β(p) and Re[β(p)] are continuous functions of real p.
From (37) and (38), one easily finds
which means that the 0th order diffraction efficiency becomes unity and any other order diffraction efficiencies vanish when a real angle of incidence becomes low grazing. This agrees with numerical works [9] - [12] . But no physical discussions on such behavior were given so far. However, we conclude that (40) holds because the total field becomes a shadow at LGLIA.
Optical Theorem
In the scattering theory there holds the optical theorem, sometimes called the forward scattering theorem, stating that the total scattering cross section is proportional to the loss of the forward scattering amplitude. In the case of the diffraction grating † , the optical theorem means that the diffraction takes place at the loss of the reflection amplitude [13] , [14] .
Let us obtain representations of the optical theorem. First, substituting (17) into (32) and (33), and using (31), we obtain the optical theorem written by the modified diffraction amplitude M l (p) as
where the right hand side is the total sum of modified diffracted energies and the left hand side is the loss of the reflection amplitude. Next, we rewrite (41) by (21) to obtain the optical theorem written by the scattering factor
which we call the SF optical theorem. This should be understood as an optical theorem for kΨ 1 
(x, z)/2β(p) in (26). Theoretically, it is important to have
because Re[S 0 (p)] appears in the denominator in (37). If the diffraction takes place with a real diffraction angle, the right hand side of (42) becomes positive and hence (43) holds.
We will see below that (43) holds numerically for a wide range of p.
Error Formulas
Usually, the energy error is defined in terms of the diffraction amplitude. However, we define it by use of the scattering factor. Using (37) and (38), we obtain a new formula for the energy error D err (p) as,
This formula is useful even at LGLIA with β(p) = 0, which should be understood as an advantage. Note that, if we put D err (p) = 0, (44) becomes an energy balance formula. Next, we define S err (p) the error with respect to (42) the SF optical theorem as,
which is also useful even at β(p) = 0. From (44) and (45), we obtain a relation between D err (p) and S err (p) as 
in free space, the Sommerfeld radiation condition at √ x 2 + z 2 → ∞ and the Neumann condition on the periodic surface. Here, δ(·) denotes Dirac's delta function. However, we only consider a case with z s > 0 and G 1 (x, z|x s , z s ) Green's function in the region z ≥ 0,
In terms of the Hankel function H
0 (·), the incident cylindrical wave G 0 (x, z|x s , z s ) is written as
which satisfies (47) in free space. In the region z < z s , (50) becomes a linear combination of down-going plane waves (and evanescent waves) with amplitude factor (k/2β(p)) × (ie ipx s +iβ(p)z s /2πk). On the other hand, when the incident plane wave is e −ipx−iβ(p)z with amplitude factor k/2β(p), the diffracted wave is given by (26) for any real p. Thus, we multiply (26) by ie ipx s +iβ(p)z s /2πk, integrate the result term by term and apply (50). Then, we formally obtain Green's function in the region z s > z ≥ 0 as
which, however, holds for any z ≥ 0. The first term on the right hand side is the incident cylindrical wave G 0 (x, z|x s , z s ), the second the radiation from the image source at (x s , −z s ), and the third the scattered wave due to surface corrugation. This formula (51) indicates that Green's function is obtained from the scattering factor S l (p).
In other words, we do not need the diffraction amplitude D l (p) to calculate Green's function. From (29) and (51), one easily finds the reciprocity of Green's function,
However, numerical evaluations of (51) are left for future study. We note that, when z → 0, the first term in (51) is completely canceled by the second term.
Numerical Example
For numerical calculations, we put the period L, the width w and the depth d of the grooves as
We also set truncation numbers as † As is known, Wood's anomaly takes place at a critical p such that
Using (53) and (54), we numerically solve (23) and (24) to obtain the scattering factor S l (p) and mode factor G n , in terms of which the diffraction amplitude D l (p) and the mode amplitude A l are obtained by use of (20) and (22). Figure 2 shows Re[S 0 (p)] against p/k for |p/k| ≤ 5. Since p/k = cos θ i , p/k = 0 means the normal incidence with θ i = π/2, and p/k = ±1 indicates the grazing incidence with θ i = 0 or π. If |p/k| > 1, the incident plane wave becomes evanescent and θ i is complex. We see in Fig. 2 It is interesting to see numerical examples of S l (p) the scattering factor, which is first proposed in this paper. We illustrate the amplitude and phase of S l (p) and the amplitude of D l (p) against p/k for l = 0, −1, −2, −3, −4 in Fig. 4 . As is expected by (30), S l (p) is almost symmetrical with the symmetrical axis p/k = −lk L /2k = −0.4 × l. On the other hand, Fig. 4(C-1)-(C-4) show that non-zero order diffraction amplitude D l (p), (l 0), does not have such symmetry. But |D 0 (p)| is an even function of p as is seen in Fig. 4(C Figure 5(c) shows that the diffraction takes place even for an evanescent wave incidence. Also we see rapid variations of η l (p) at critical values of p given by (55) due to Wood's anomaly. However, Fig. 5(b) shows that the diffraction efficiency becomes discontinuous at LGLIA with p/k = 1. When p approaches to k from the left, the 0th order diffraction efficiency η 0 (p) becomes unity and any other order diffraction efficiencies vanish. On the other hand, η −1 (p) and η −2 (p) are positive, when p approaches to k from the right.
Conclusions
On the basis of the shadow hypothesis, we propose a new formulation of the wave diffraction by a periodic surface. Our formulation determines the scattering factor, in terms of which the diffraction amplitude, the diffraction efficiency, Green's function and the energy error are defined mathematically. Then, we theoretically find a remarkable fact such that the 0th order diffraction efficiency becomes unity and any other order diffraction efficiencies vanish at LGLIA.
Our discussions were restricted to the TM wave diffraction by a perfectly conductive periodic array of rectangular grooves. However, we expect that the shadow hypothesis and our formulation are generally applicable to the diffraction by any periodic structure for both TE and TM cases. We expect the shadow hypothesis is valid even in a case where the surface profile has finitely many Fourier components and has a noisy shape, and the period L is much larger than 10 3 λ, λ being wavelength. But such a case is difficult to analyze, of course. Thus, we note that theoretical and numerical demonstrations of the validity of the shadow hypothesis in general case are left for future study.
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